
 
Base
with metric spaces we used the open balls to definetheopensets
We can do a similar thing more generally

Def A basis BEP X is a collection of subsets of X

satisfying the following properties

1 X UB
2 If B B E B and x c B AB I B CB s't

x c B E B AB

B B

B is typically not a topology itself but we can use it to construct
one

Def Thetopology T B is defined as follows

U e T c tf x e U F Be B s't x c BE U

Chaim T is in fact a topology

If Clearly 4 XE T

If x E U T then for some U cTf x c BE U E UT
cT
6

If x c UAV then x c B EU x c B EV so XE B EBABEUAV



andon a metricspace ingeneral

B Br x r o te IR is a basison IR and it

generatesthe standard topology
The set of rectangular regions is also a basis that
generates the standard topology

II
Claim If T is the topology generatedby basisTB then
T is the collection of all unions of elements of B
including the empty union Exercise

Note that open sets cannot be expressed unmighwy as the union
of basiselements

Exampleiopensekin
Consider the basis B consisting of open balls i.e open intervals

If U E IR is open we may need infinitely manyopensetsto
describe it
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Sometimes we can't even order the basis elements though



Ex The complement of a cantor set
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Question Are any open sets in 112 the disjoint union of uncountably

many open intervals At

Ex Other topologies on 112
1 IRE IR equipped w the tower limit topology Te

which is generated by the basis la b as b

o l is not open in the standardtopology so Te is not

the standard topology

However for c a b x c Exb E a b so a b is
open in the standard topology T

Thus T E Te
gmoreseffen fewergefM



f sets
i e Te is finer than 7 and T is water thanTe

Lemma B and B bases for T and T respectively on X
Then T is finer than T t te X BE B s't xeB F B'cB
St x c B c B

PI let U t T WTS U e T For x e U we can find

Bc B st x c BE U But then 2 x c B E BEU so U c T

Let x c B Then B E T E T
so F B e B s't x c B E B D

Ex The discretetopology on X has basis MIXEX
In fact X hasthe discrete topology Ex is open tf x c X

Ex Consider the Paris metric on 1122

e T f
if I F are on the same way

THE Tyity otherwise

f ni Ias
T

X
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What do the openballs look like in this metric



Around Tx 1,0

it

e i
TB IBsgGgIf T is the standard

topology on 1122

and d the standard metric then

Be k I T so Tp T if Tp is the topologyinduced
by the Parismetric

Is TE Tp
let x e IR and r 0

Since d Iif E e Iif by thetriangle inequality F E o s.t

Bee I CBae J EBd I for any FeBar F

So YETp the Paristopology is finer than the standard

topology

Exaympleithesubspacetopology

X a topological space A EX If X is a metric space
we already knowhow to put a metric and thus a topology onA

In general thesubspacetopology on A is defined

Ta UNA IUc Tx



You can checkusing basic set operations that

Chaim
1 Thesubspacetopology is a topology on A

2 If B is a basis for the topology on X then

BA BAA Be B

is a basisfor the subspace topology on A

Ex Iu 0 a EIR given the subspace topology

f I l n O o l is open in o.o but not in IR

Exampleitheproducttopology

1 et X and Y be topological spaces with topologies Tand T

respectively Then the peanut topology on X Y is generated

by the basis
B Ux v l UeT Ve T

Claim TB is a basis

PI DX xY c B so the union certainly covers X Y

2 If U XV U xVz cTB then

µ XV n waxy u.nu V nva c B D

nine T
T
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Claim If B and B are basesfor T and T respectively then

D BxB Bets B'c B

is a basis for the product topology

Pfsketchi
open set

x c BE U
i TYC B E U

n xx y c BxB E U U

Exampleitheordentopology

let X be a set with a toy i.e for a b c ex

a Eb and be a a b
a E b and b Ec a Ec

a c b or b Ea

The other topology on X is generated by open intervals



a b and possibly half open intervals ao b and Cabo
I 9

smallest largestelement
elementof X of

if X has a smallest and or largest element

On IR this generates the standardtopology

Ex On I I I Co D we can give the dictionaryorder

where ax be a ab if aca or a a and bib

Basis elements look like

t
hmmm s

Are the open sets in the standard topology open in the order

topology

Jii i I Hereti
i i we can

put a

i basis
ett
around1 MY pointAnybasisett intheordertopology

containing
E l hasto containa whole

vertical
interval

So the two topologies are net comparable i e neither
is contained in the other


